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Abstract
Let X/S be a noetherian scheme with a coherent OX-module M, and TX/S be the relative tangent
sheaf acting on M. We give constructive proofs that sub-schemes Y, with deﬁning ideal IY , of points
x ∈ X where Ox or Mx is “bad”, are preserved by TX/S , making certain assumptions on X/S.
Here bad means one of the following: Ox is not normal; Ox has high regularity defect; Ox does
not satisfy Serre’s condition (Rn); Ox has high complete intersection defect; Ox is not Gorenstein;
Ox does not satisfy (Tn); Ox does not satisfy (Gn); Ox is not n-Gorenstein; Mx is not free; Mx
has high Cohen–Macaulay defect; Mx does not satisfy Serre’s condition (Sn); Mx has high type.
Kodaira–Spencer kernels for syzygies are described, and we give a general form of the assertion that
M is locally free in certain cases if it can be acted upon by TX/S .
© 2005 Elsevier B.V. All rights reserved.
MSC: 14A05; 13N15
1. Introduction
The tangent sheaf referred to in the title is the sheaf of derivations TX/S = HomOX
(X/S,OX) of a noetherian scheme X/S, where X/S is the sheaf of relative differentials.
Say that a point x ∈ X is preserved by a derivation x ∈ TX/S,x if x(mx) ⊆ mx , where
mx is the maximal ideal in the local ring Ox . Say that a local section  of TX/S preserves
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a subset W of X if its germ x preserves x when x is minimal prime in W, and if V is a
sub-scheme of X with deﬁning ideal IV , then  preserves V if x preserves the stalk IV,x
when x is an associated prime of V; this is equivalent to having (IV ) ⊂ IV .
Let P(x) be a property of a point x in X and put
P(X)= {x ∈ X |P(x)}, and
SP(X)=X\P(X).
A property P is “good” for X if P(X) is open and dense, so one can regard SP(X) as a defect
set, or a “singular” subset of X.
The following examples of defect sets SPi (X) will be considered (n= 0, 1, 2, . . .):
(P1) {x ∈ X |Ox is normal};
(P2) (Regularity defect) {x ∈ X | emb dim Ox − dimOxn};
(P3) (Serre’s condition (Rn)) {x ∈ X |Ox satisﬁes(Rn)};
(P4) (Complete intersection defect) {1(Ox) − (emb dim Ox − dimOx)n}, where
1(Ox) = dimk H1(K•) and K• is the Koszul complex of a minimal basis of the
maximal idealmx ;
(P5) (Cohen–Macaulay defect) {x ∈ X | dimMx − depthMxn}, whereM is a coherent
OX-module;
(P6) (Serre’s condition (Sn)) {x ∈ X |Mx satisﬁes (Sn)};
(P7) (Type) {x ∈ X | dimkx ExttOx (kx,Mx)<n}, where t = depthMx ;
(P8) {x ∈ X |Ox is Gorenstein};
(P9) {x ∈ X |Ox satisﬁes(Tn)};
(P10) {x ∈ X |Ox satisﬁes(Gn)};
(P11) {x ∈ X |Ox is n-Gorenstein}.
It is of course plausible that the defect sets SP(X) are preserved by TX/S , thinking of
sections of TX/S as inﬁnitesimal automorphisms, and there exist several positive results.
A. Seidenberg obtained that SP1(X) is preserved, using Hasse–Schmidt differentiations
[20], and that SP2(X) is preserved when n = 0 and X is of ﬁnite type over a ﬁeld, using
“Zariski’s lemma” [19]. Rational numbers are needed in both cases, since then any derivation
comes from a differentiation, but Seidenberg noted that SP1(X) is always preserved by
differentiations, without the need for rational numbers. This idea of using differentiations
instead of derivations was extended by Matsumura [15, Theorem 4] (see also [16, Theorem
32.2]) to get, in the case n= 0, that SP2(X), SP4(X), SP5(X), and SP8(X) are preserved
by differentiations in quite a general situation, in any characteristic; a remaining difﬁculty
is of course the determination of which derivations are integrable to differentiations when
rational numbers are not available [15]. Assuming that OS contains the rational numbers,
the preservation of SP2(X), SP4(X), SP5(X), SP7(X) (for any n) was obtained by Kunz
[12] in an equally general form as Seidenberg and Matsumura, extending an idea by Hart
[11] (proﬁtting from [19,20]), who proved that SP2(X) is preserved in the absolute case.
Using cases (5) and (7) we also get the preservation of SP8(X) (Theorem 3.6.1), without
(explicitly) using differentiations. However, the method of Seidenberg, Hart and Kunz,
using Zariski’s lemma, and Seidenberg and Matsumura, using differentiations, do not give
the whole picture. As already explained, rational numbers are essential in the cited work,
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but more importantly, the results are non-constructive (but see [11,15] for the case SP2(X));
in situations when SP(X) is closed it would be preferable to see that natural deﬁning ideals
are preserved by TX/S , and hence relate the appearance of defect sub-schemes to that of
TX/S-submodules of OX.
Making different assumptions depending on the property P we get sub-schemes Y = YP
of X, deﬁned by a coherent ideal IY , with underlying topological set s(Y ) = SP(X),
such that TX/S · IY ⊂ IY (Theorems 3.2.1, 3.3.1, 3.4.1, 3.5.2, 3.6.1, 3.7.1). This gives
constructive explanations why TX/S preserves each SPi (X) when X is of characteristic
0 (not needing rational numbers in some cases). Note that it does not follow that Y is
preserved if s(Y ) is preserved, so the above cited work are insufﬁcient also when X is
deﬁned over the rational numbers. Our results for Y in the cases (2–11) apply in arbi-
trary characteristic, but it is only in characteristic 0 that we obtain the preservation of
s(Y ), whereas in general one cannot conclude this when Y is non-reduced (if N is the
smallest number such that (
√
IY )
N ⊂ IY , and CharX>N , we obtain that TX/S preserves
s(Y ), see the proof of Proposition 2.4.1, (4)). Note that TX/S may not preserve SP1(X)
in positive characteristic if the normalisation map is wildly ramiﬁed, as exempliﬁed by
Seidenberg [20].
We formulate the results, when appropriate, in terms of actions of Lie algebroids gX/S →
TX/S since these are important in applications to e.g. representation theory of Lie algebras
[1], algebraic conformal ﬁeld theory [2], (singular) differential geometry, and log-schemes.
A natural example of Lie algebroid is the Lie subalgebroid TX/S(I ) ⊂ TX/S of derivations
preserving an ideal I ⊂ OX. In Section 2 we describe how a gX/S-action on ExtiOX(M,N)
can be deﬁned if one is given actions on the OX-modules M and N when M is quasi-
coherent (Proposition 2.2.3). We discuss the somewhat puzzling question whether such
an action exists in general when M is not quasi-coherent, and we also indicate why we
cannot generalise the preservation properties of defect subsets to higher order differential
operators.
We now describe the remaining parts of this paper. To a coherent OX-module M one
can associate several Lie algebroids, namely the maximal Lie subalgebroid TX/S(syzi (M))
of TX/S that acts on the ith syzygy of M; in particular, there exists a maximal Lie sub-
algebroid TX/S(M) ⊂ TX/S that acts on M over open afﬁne sets. These Lie algebroids
appear as kernels of Kodaira–Spencer maps (Theorem 2.2.8). Next, we describe how Fit-
ting sub-schemes of M are preserved by TX/S , already noted by Scheja and Storch [18],
a result that is applied several times. The ﬁrst application is to give a generalisation of
the well-known fact that D-modules M on regular varieties of ﬁnite type over a ﬁeld of
characteristic 0 are locally free: if M is ﬂat over S and X/S is locally projective, then
if TX/S acts on M, it follows that M is locally free (Theorem 2.3.2). The fact that TX/S
preserves primary components in characteristic 0 was noted by Scheja and Storch [18];
we prove that this holds true also in positive characteristic for minimal primary com-
ponents; this is the only new part of Proposition 2.4.1, in which we summarise preser-
vation properties for associated primes and primary components, and in particular the
well-known fact that TX/S(I ) ⊂ TX/S(
√
I ), in characteristic 0, crucial to get that TX/S
preserves SP(X).
I want to thank Rikard Bögvad for useful remarks.
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2. Actions of Lie algebroids
2.1. Generalities
Let  : X → S be a noetherian scheme with structure sheaf OX. We abbreviate sheaf of
rings and sheaf of modules by ring and module.When I denotes an ideal of OX its radical is√
I , which is coherent when I is coherent. The stalk of a sheafM at a point x inX isMx , and if
U is an open subset ofX the space of sections overU is denotedM(U); the restriction ofM to
U isMU . By an element inMwemean a section deﬁned in some open subset ofX.We refer to
[10] for the deﬁnition of the sheaf of principal partsPnX/S ; letDnX/S =HomOX(PnX/S,OX)
be the corresponding sheaf of differential operators. The following (Zariski) localisation
properties of PnX/S and D
n
X/S are well-known. Let A → B be a ring homomorphism and
PnB/A = B⊗AB/In+1, where I = Ker(B⊗AB → B, a1 ⊗ a2 → a1a2). The proposition
below is [10, Proposition 16.4.14] but the proof in [loc. cit.] is incorrect (S−1(B⊗AB) is in
general not isomorphic to S−1B⊗AS−1B for a multiplicative system S in B, in contrast to
the behaviour of PnB/A), so it may be appropriate to here give a simple correct proof.
Proposition 2.1.1. LetA→ B be a homomorphism of rings, and S a multiplicative system
in B. Then the canonical map
S−1PnB/A → PnS−1B/A,
induced from the canonical homomorphism PnB/A → PnS−1B/A, is an isomorphism.
Proof. By ﬂatness Pn
S−1B/A = S−1B⊗AS−1B/S−1In+1S−1 and in this ring we have
1
1⊗ s =
1
(s ⊗ 1)
(
1+ s ⊗ 1− 1⊗ s
s ⊗ 1 +
(
s ⊗ 1− 1⊗ s
s ⊗ 1
)2
+ · · · +
(
s ⊗ 1− 1⊗ s
s ⊗ 1
)n)
.
This implies that the canonical map
S−1PnB/A = S−1(B⊗AB)/In+1 → (S−1B⊗AS−1B)/S−1In+1S−1 = PnS−1B/A
is bijective. 
It follows as in [loc. cit.] that (PnX/S)x = PnOx/Os , (X/S)x = Ox/Os , where the last
assertion is proven in a different way in [9, Cor. 20.5.9]. IfPnX/S is locally ﬁnitely presented,
e.g. X/S is locally of ﬁnite type (see e.g. [10]), then we also get (DnX/S)x =DnOx/Os . It is
for instance not sufﬁcient that X/S be noetherian for the sheafDnX/S to be quasi-coherent;
in particular, the sections DnU/S(U) for any small neighbourhood U of a point x need
not generate the OU -module DnU/S , i.e. “D
n
X/S is not locally generated by its sections”.
Moreover, the canonical homomorphism
DnX/S,x =HomOX(PnX/S,OX)x → HomOx (PnX/S,x,Ox)=DnOx/Os
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in general fails to be surjective whenPnX/S is not locally of ﬁnite presentation. In particular,
if X/S is not locally ﬁnitely presented, then the tangent sheaf TX/S need not be locally
generated by its sections and a derivation of Ox need not come from a section in TX/S(U)
for any open neighbourhood U of x.
Deﬁnition 2.1.2. A Lie algebroid is a triple (OX, gX/S, ), where:
(1) gX/S is a sheaf of OX-modules and Lie algebras over −1(OS) on X;
(2)  is a homomorphism of OX-modules
 : gX/S → TX/S
such that ([1, 2]) = [(1), (2)]. We require the compatibility [1, f 2] =
(1)(f )2 + f [1, 2], f ∈ OX, 1, 2 ∈ gX/S .
If X/S is afﬁne and gX/S is quasi-coherent, the triple (OX, gX/S, ) is determined by a
triple (A/k, gA/k, ), where A = OX(X) is an algebra over the ring k = OS(S), gA/k =
gX/S(X), and  is a homomorphism gA/k → TA/k satisfying conditions similar to (2). The
tangent sheaf TX/S on a scheme X/S is of course the most basic example of Lie algebroid;
another is its Lie subalgebroid TX/S(I ) deﬁned as its sub-sheaf derivations that preserve a
(coherent) ideal I. We also put gX/S(I )= (−1)(TX(I)), which is a Lie subalgebroid of any
Lie algebroid gX/S . For an OX-moduleM letD1X/S(M)=HomOX(P1X/S⊗OXM,M) be its
sheaf of ﬁrst order differential operators [10].
A gX/S-action on an OX-module M is map of sheaves of sets  : gX/S → D1X/S(M)
satisfying for each open set U ⊂ X
()(rm)= ()(r)m+ r()m, (2.1)
 ∈ gX/S(U), r ∈ OX(U),m ∈ M(U). The map  is a gX/S-connection on M if  is a
homomorphism of (sheaves of) OX-modules. If  is a homomorphism of OX-modules and
Lie algebras, then  givesM a structure of (left) gX/S-module. When the maps  and  are
knownonemayease the notation,writing(rm)=(r)m+r(m). IfM,N ∈ Mod(OX)have
gX/S-actions (are connections/modules), thenM⊗OXN ,M∧OXM , andHomOX(M,N) also
have gX/S-actions (are connections/modules) under the diagonal action; e.g. (m ⊗ n) =
(m) ⊗ n + m ⊗ (n). A homomorphism of gX/S-actions is a homomorphism of OX-
modules : M → N provided with gX/S-actions such that(m)=(m),  ∈ gX/S . For
instance, themultiplicationmapOX⊗OSOX → OX,⊗ → , is a map of TX/S-actions
when TX/S acts diagonally on the left side, hence its kernel I is TX/S-stable; therefore the
OX-modules X/S andPnX/S all have natural TX/S-actions.
2.2. Actions on extension modules and Kodaira–Spencer kernels
Lemma 2.2.1. Let (A/k, gA/k, ) be a Lie algebroid, M a module over A and :
gA/k → D1A/k(M) an action of gA/k on M. Let
· · · → F 2 2−→F 1 1−→F 0 f−→M → 0
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be a free resolution of the A-module M. Then the action  can be lifted to an action ˆ :
gA/k → D1A/k(F •) on the complex F •, commuting with the homomorphisms i . If c :
(G•,) → (F •,) is a quasi-isomorphism of free complexes. Then if ˆF is an action on
F •, commuting with  = (i ), there exist an action ˆG on G• commuting with  = (i ),
such that c ◦ ˆG()= ˆF () ◦ c for each  ∈ gA/k .
Proof. Let 0 → M1 → F 0 f−→M → 0 be a short exact sequence of A-modules where
F 0 is free. Select free generators {vi}i∈I of F 0 and for each vi select wi ∈ F 0 such that
f (wi)=  · f (vi). Since F 0 is free over {vi}i∈I we get a well-deﬁned map ˆ : F 0 → F 0,
putting for ai ∈ A

(∑
i∈I
aivi
)
=
∑
i∈I
(()(ai)vi + aiwi).
This deﬁnes an action of  on F 0 and an action ˆ : gA/k → D1A/k(F 0) of gA/k on F 0.
Clearly, f ( · v) =  · f (v), v ∈ F 0, hence M1 is stable under this gA/k-action and we
can iterate to get an action on each F i , commuting with i . To prove the remaining part,
consider a commutative diagram
One can select a basis {gj }j∈J ofG0 such that a subset {gj }j∈J1 map to linearly independent
set {c0(gj )}j∈J1 ,which canbe completed to a basis {vi}i∈I ofF 0.One can thendeﬁne actions
ˆG0 and ˆF 0 as above, satisfying ˆG0()(gj )= c0(ˆ()(c0(gj ))) when j ∈ J1. 
Remark 2.2.2. Even if  is a connection there may not exist anOX-linear lift ˆwhen P 1A/k
is not free over A. Moreover, if ˆ is not a connection we do not get a map of sheaves of sets
gX/S → D1X/S(F 0) on X/S, X = SpecA, S = Spec k when gA/k has torsion. Hence we
cannot in general deﬁne an action of gX/S on the sheaf of F 0, even if X is afﬁne.
Proposition 2.2.3. Let X/S be an S-scheme, gX/S a Lie algebroid, and M,N be OX-
modules provided with gX/S-actions, where M is quasi-coherent. Then each OX-module
ExtiOX
(M,N), i0, also has a gX/S-action, locally induced from the diagonal action of
the dual of a locally deﬁned free resolution of M.
Proof. Let U ⊂ X be open and afﬁne; put A= OX(U) and gA/k = gX/S(U) (we will not
need that gX/S be quasi-coherent). Since M is quasi-coherent there exists a free resolution
F • → M(U) → 0. Here each F i is HomA(·, N(U))-acyclic and the sheafFi of F i is
HomOU (·, NU)-acyclic, hence, since the localisation and section functors are adjoint,
RHomA(M(U),N(U))HomA(F •, N(U))HomOU (F
•, NU)
172 R. Källström / Journal of Pure and Applied Algebra 203 (2005) 166–188
in the derived category of abelian groups. In particular,
ExtiOX
(M,N)(U)= ExtiA(M(U),N(U)).
Note that if c : G• → F • is a quasi-isomorphism the induced isomorphism
ExtiA(M(U),N(U))FExt
i
A(M(U),N(U))G
is independent of the choice of c. Using this observation it follows thatU → ExtiOX(M,N)
(U) forms a pre-sheaf (which would have been immediately clear of we instead had used an
injective resolution ofN); letExtiOX(M,N) be the associated sheaf. Let ˆ and ˆ
′
be two lifts
of the action of  ∈ gA/k onM(U) to actions on F •, commuting with the maps i (Lemma
2.2.1).Restricting the action toF i weget anA-linearmap	=ˆi−ˆi : F i → Ki ,whereKi=
ker(i ). A representative of an element of ExtiA(M(U),N(U)) is a homomorphism  :
F i → N(U) such that(Ki)=0. The action of  on is (·)(fi)=·((fi))−(ˆ(fi)),
fi ∈ F i ; one similarly expresses the action of ˆ′ on. This gives (	·)(fi)=(	(fi))=0.
Therefore gA/k acts onExtiA(M(U),N(U))=ExtiOX(M,N)(U) independently of choice
of lift ˆ : gA/k → D1A/k(F •). If c : (G•,) → (F •,) is a quasi-isomorphism there
exist lifts of the action  : gA/k → D1A/k(M) to actions ˆG : gA/k → D1A/k(G•),
ˆF : gA/k → D1A/k(F •), satisfying c ◦ ˆG() = ˆF () ◦ c for each  ∈ gA/k (Lemma
2.2.1). If now G : Gi → N(U) and F : F i → N(U) are A-linear maps representing the
same element in ExtiA(M(U),N(U)) it is straightforward to see that  · G and  · F ,
using ˆG and ˆF , respectively, for the diagonal actions, also represent the same element in
ExtiA(M(U),N(U)). Therefore we have deﬁned an action
(U) : gX/S(U)= gA/k
→ D1A/k(ExtiA/k(M(U),N(U)))=D1X/S(ExtiOX(M,N))(U),
where we use the fact thatM is quasi-coherent and that the localisation and section functors
are adjoint. Hence maps (U), for each open afﬁne U, are deﬁned, and these are inde-
pendent of choice of resolution and lifts of actions to the resolutions. If V =⋃Ui is an
open covering of an open set by afﬁne sets Ui , the restriction maps gX/S(Ui ∪ Uj) →
gX/S(Ui)→ gX/S(Ui ∩ Uj) and gX/S(Ui ∪ Uj)→ gX/S(Uj )→ gX/S(Ui ∩ Uj) give the
same actions on ExtiOX(M,N)(Ui ∩ Uj), by the above independence, so gX/S(Ui ∪ Uj)
acts on ExtiOX(M,N)(Ui ∪ Uj) (the action ‘glues’ to a global action). Therefore gX/S(V )
acts on ExtiOX(M,N)(V ) for any open V in X, i.e. we have a map (V ) : gX/S(V ) →
D1X/S(Ext
1
OX
(M,N))(V ) for each openV.We leave out the remaining argument to see that
the collection of maps (V ) gives a map of sheaves  : gX/S → ExtiOX(M,N). 
Remark 2.2.4. One can prove in a similarway that each sheafT orOXi (M,N)has a diagonal
action of gX/S .
Remark 2.2.5. IfM is not quasi-coherent it seems that one cannot in general deﬁne a natural
gX/S-action on ExtiOX(M,N). One then has to work with injective resolutions, 0 → N →
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I •. Now if 0 → N → I is exact where I is an injective OX-module, we need that ﬁrst order
differential operators N → I have extensions to ﬁrst order differential operators I → I ,
but this extension can be obstructed if the natural map T orOX1 (P
1
X/S, I/N) → P1X/S(N)
is non-zero. This is in stark contrast to Lemma 2.2.1.
Remark 2.2.6. Assuming thatM andNhave actions ofDA/k , e.g.M,N areDA/k-modules,
one cannot expect that ExtiA(M,N) inherits a DA/k-action if DA/k is neither ﬂat over A
(if N is a DA/k-module) nor generated by D1A/k . There are two reasons for this. Firstly,
if we have an exact sequence of A-modules F → M → 0, where F is free, one can in
general not lift differential operators on M to an action on F, when PnA/k is not free: a lift
of the D1A/k-action to F does not extend to a DA/k-action. Secondly, there is no natural
extension of the diagonal action of TA/k to an action ofDA/k onM⊗AN orHomA(M,N).
This indicates also that one cannot expect that defect sets that are preserved by TA/k also
should be preserved byDA/k . Indeed, there are examples of singular k-algebras A of ﬁnite
type over a ﬁeld of characteristic 0 such that A is a simple DA/k-module, see e.g. [17]; cf.
Theorem 3.3.1.
If M is a quasi-coherent and free OX-module on an afﬁne scheme X then clearly there
exists an action  : TX/S → D1X/S(M),  → M , and any two choices of actions differ by a
map TX/S → EndOXM (which need not be OX-linear). In fact,M can be given a structure
of TX/S-module; see also Proposition 2.3.1 and Theorem 2.3.2 below.
Deﬁnition 2.2.7. LetM be an OX-moduleM. For any open set U ⊂ X put T ′X/S(M)(U)=
{ ∈ TX/S(U) | there exists an action M(U) on M(U)}, deﬁning a pre-subsheaf T ′X/S(M)
of TX/S . Let TX/S(M) be its associated sheaf.
It is clear that TX/S(M) is a Lie sub-algebroid of TX/S . The pre-sheaf T ′X/S(M) is the
largest pre-sheaf Lie sub-algebroid of TX/S that can act on M. Assume that M is quasi-
coherent. If X is afﬁne, then T ′X/S(M)= TX/S(M) and then TX/S(M) is the largest Lie sub-
algebroid of TX/S that acts onMX. If X is not afﬁne, sections of T ′X/S(M) cannot in general
be glued and the naturalmapT ′X/S(M)(X)→ TX/S(M)(X) need not be surjective; therefore
TX/S(M) does not act on M. If M ⊂ N is an inclusion of OX-modules, and N is acted on
by TX/S(N), then TX/S(M) ∩ TX/S(N) acts on M (similarly for connections/modules).
One can construct TX/S(M) as a Kodaira–Spencer kernel. Assuming ﬁrst that X is afﬁne
and M is quasi-coherent, take a free resolutionF• → M → 0 in the category of sheaves
of OX-modules. Let Mi := syzi (M) = syzF
•
i (M) := Imi be the ith syzygy of M. We
have Ext1OX(M
i,Mi)Exti+1OX (M,M
i) and, after an elementary consideration, there are
maps
Ext1OX(M,M)
c1−→Ext1OX(M1,M1)
c2−→· · · ci−→Ext1OX(Mi,Mi)
ci+1−→· · · . (2.2)
Letting 0 be the mapF0 → 0, the collection of maps deﬁnes an element = (i )∞i=0 in
EndOXF
• of degree−1. ProvideF• with an action of TX/S-module such that TX/S ·Fi ⊂
Fi ; let i : Fi → Fi be its ith component of the action F• of a section  ∈ TX/S .
The action F• gives a diagonal action on EndOXF
•; in particular  ·  = [F• ,] =
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F• ·  −  · F• is again a section of EndOXF• of degree −1; let [F• ,]i denote its
componentFi →Fi−1. Deﬁne maps
′()= f ◦ [F• ,]i+1 = f ◦ 0 ◦ 1 :F1 → M
′i ()= i ◦ [F• ,]i+1 = i ◦ i ◦ i+1 :Fi+1 → Mi, i = 1, 2, . . . .
Clearly 2 ◦ ′() = 0 and i+1 ◦ ′i () = 0 so ′ and ′i induce OX-homomorphisms
(Kodaira–Spencer maps)
 : TX/S → Ext1OX(M,M),
i : TX/S → Ext1OX(Mi,Mi), i = 1, 2, . . . .
For an arbitrary schemeX/S we have globally deﬁned sheaves TX/S andExt1OX(M,M),
and for eachopen afﬁneU ⊂ Xwehavemapsof sheavesU : TU/S → Ext1OU/S (MU,MU).
Theorem 2.2.8. Let X/S be a scheme and M a quasi-coherent OX-module. The maps U
glue to a globally deﬁned homomorphism of OX-modules  : TX/S → Ext1OX(M,M),
and TX/S(M) = Ker. There exists an increasing sequence of globally deﬁned Lie sub-
algebroids T iX/S(M) of TX/S
TX/S(M) ⊂ · · · ⊂ T iX/S(M) ⊂ T i+1X/S (M) ⊂ · · · ⊂ TX/S
such that if {Mi} are (locally deﬁned) syzygies of M, then T iX/S(M)= TX/S(Mi)=Keri .
If X is afﬁne we have a commutative diagram:
(2.3)
Remarks 2.2.9. (1) By Schanuel’s lemma, if (G•,) is quasi-isomorphic to (F•,) and
Ni = Imi , then Ni ⊕ F iMi ⊕ Gi for some free modules F i and Gi . Therefore
TX/S(M
i)= TX/S(Mi ⊕Gi)= TX/S(Ni ⊕ F i)= TX/S(Ni). (2) If TX/S is coherent and X
quasi-compact, then T i+1X/S (M)= T iX/S(M) when i is sufﬁciently high.
Proof. First let X be afﬁne, and 0 → M1 1−→F 0 f−→M(X) → 0 be an exact sequence
where F 0 is a free A = OX(X)-module. For each  ∈ TA/k = TX/S(X) deﬁne an action
0 on F
0
, so  : TA/k → Ext1A(M,M) sends  to the class of f ◦ 0 ◦ 1. If () = 0,
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then there exists an A-linear map a : F 0 → M(X) such that f ◦ 0 ◦ 1 = a ◦ 1. Hence
f ◦0◦1−a◦1=0, so themap f ◦0−a : F 0 → M(X) preservesM1 and thus induces a
mapM(X)→ M(X). That this map satisﬁes (2.1) is easy to see. This shows that Ker acts
onM(X). Conversely, if  ∈ TA/k acts onM(X), then, as described above, this action can
be lifted to an action 0 : F 0 → F 0, so that f ◦0=◦f ; hence f ◦0 ◦1=◦f ◦1=0,
implying ()= 0; hence  ∈ Ker. This proves that Ker= TX/S(M) when X is afﬁne.
That Ker is a Lie sub-algebroid of TA/k is then also clear, but it can also be seen directly.
If , ′ ∈ Ker, then 0, ′0 preserve M1, hence also [0, ′0] and a0 + b′0, a, b ∈ A,
preserveM1, and therefore [, ′], a+b′ ∈ Ker. It is also clear that if ∈ TX/S(M), then
 ∈ TX/S(M1). Hence deﬁning T 1X/S(M)= TX/S(M1) we have T 1X/S(M) ⊂ TX/S(M) and
T 1X/S(M)=Ker1. Iterating, we deﬁne T iX/S(M)= TX/S(Mi) and get T iX/S(M)=Keri .
By Remark 2.2.9, (1), the sheaves T iX/S(M) and TX/S(M) are independent of the choice
of resolution F•. It follows that the morphisms U and i,U glue to globally deﬁned
morphisms of sheaves ,i . 
Let M be an OX-module. Let i : OX → D1X/S(M) be the natural homomorphism given
by the action of OX on M; this map is injective when suppM = X. Let cX/S(M) be the
sub-sheaf of D1X/S(M) of sections  such that [, i(OX)] ⊂ i(OX) (cX/S(M) is the sheaf
of ﬁrst order differential operators with ‘scalar symbol’). If I is an ideal of OX, we have
cX/S(I )= OX + TX/S(I ) ⊂ D1X/S(I ).
Proposition 2.2.10. (1) If suppM =X we have a homomorphism of OX-modules and Lie
algebras  : cX/S(M)→ TX/S , compatible as in Deﬁnition 2.1.2, (3). This gives cX/S(M)
a structure of Lie algebroid;
(2) Assume that M is quasi-coherent. Then
TX/S(M)= (cX/S(M))
and thus (cX/S(M))U acts onMU when U is afﬁne.
Proof. (1) Clearly cX/S(M) is an OX-module, and by the Jacobi identity, [[1, 2], i()]+
[[i(), 1], 2] + [[2, i()], 1] = 0, 1, 2 ∈ cX/S(M),  ∈ OX, we see also that it
is a Lie algebra over −1(OS). If  ∈ cX/S(M),  ∈ OX, by assumption [, i()] ∈
i(OX) and i is injective; therefore there exists a unique  ∈ OX such that [, i()] =
i(). This deﬁnes a derivation () ∈ TX/S , sending  to , and hence a map  :
cX/S(M) → TX/S . One checks that the triple (OX, cX/S(M), ) satisﬁes the conditions in
Deﬁnition 2.1.2.
(2) We may assume that X is afﬁne. Then (1) implies (cX/S(M)) ⊆ TX/S(M), cf. para-
graph after Deﬁnition 2.2.7. If M is an action of  ∈ TX/S , by (2.1) we have [M, i(OX)] ⊂
i(OX); therefore TX/S(M) ⊂ (cX/S(M)). 
If Ker i=AnnM = 0, then  induces a well-deﬁned derivation ofOX/AnnM . Replacing
X by the schemeX′ deﬁned by AnnM we have AnnOX′ M = 0, and therefore we get a map
′ : cX′/S(M) → TX′/S and a kernel TX′/S(M) of the Kodaira–Spencer map TX′/S →
Ext1OX′
(M,M), satisfying TX′/S(M)= ′(cX′/S(M)) by Proposition 2.2.10.
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2.3. Fitting invariants
See [5,6] for the main properties of Fitting ideals. Let M be a coherent OX-module and
F
−→G → M → 0 be a (locally deﬁned) presentation with F and G free of ﬁnite ranks.
For each non-negative integer j we get a map ∧j : ∧jF → ∧jG and a map
j : ∧jF ⊗ (∧jG)∗ → OX.
Letting Ij () be the image ofj the ith Fitting ideal is Fi(M)=Ig−i ()where g= rankG.
The ideal Fj (M) is generated by minors of size j × j in a matrix presentation  ofM. The
ﬁrst non-vanishing Fitting ideal is denoted F(M) and its locus consists of points whereMx
is not free. Let Xj(M) and Xnf (M) be the sub-scheme of X that is deﬁned by the ideals
Fj (M) and F(M), respectively. Let 
(M) denote the minimal number of generators of a
module over a local ring. The scheme Xj(M) has the underlying space
Sj (M)= {x ∈ X |
(Mx)> j};
hence the subset Sj (M) is closed. The fact that Fitting ideals are preserved was noted by
Scheja and Storch [18]. The remainder of the following proposition is a direct consequence
of this fact.
Proposition 2.3.1. If M has an action of a Lie algebroid  : gX/S → TX/S , then
gX/S = gX/S(Fi(M)),
where the action of (gX/S) on the ideal Fi(M) is induced from the action on OX, by the
inclusion (gX/S) ⊂ TX/S . Therefore the schemes Xj(M) are preserved by (gX/S) ⊂
TX/S , and if CharX = 0, the subset Sj (M) of X is preserved by (gX/S). In particular, the
sub-scheme Xnf (M) is preserved by (gX/S), and if CharX = 0, then the subset SF(M)
of points x such that Mx is not free is a proper and closed subset which is preserved by
(gX/S).
Proof. If gX/S acts onM, then, as explained in Lemma 2.2.1 above, the presentation (U),
when restricted to an afﬁne open set U, can be regarded as homomorphisms of gX/S(U)-
actions. Hence ∧j(U) is a homomorphism of gX/S(U)-actions, and then also j (U) is
a homomorphism of gX/S(U)-actions. Note here that the gX/S(U)-action on OX(U) is the
usual one that is induced by the map , and is thus independent of the choice of gX/S-actions
on F and G. This implies that Im() ⊂ TX/S(Fi(M)).
That Sj (M) is closed is clear since Sj (M) = V (Fj (M)) and Fj (M) ∈ coh(OX). That
Xj(M) is preserved follows since gX/S = gX/S(Fi(M)), and that Sj (M) is preserved when
CharX = 0 follows since gX/S(I ) ⊂ gX/S(
√
I ) (Proposition 2.4.1, (4)). 
We apply this as follows:
Theorem 2.3.2. Let X/S be noetherian and CharX = 0. Assume that Xs/ks ,x is free
for each x ∈ Xs , s ∈ S, (e.g., X/S is formally smooth; see [10, Proposition 17.2.3],
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[8, Theorem 19.7.1]) and  : gX/S → TX/S is surjective. Let M be a coherent OX-module,
ﬂat over −1(OS), equipped with a gX/S-action. Then M is locally free over OX.
Lemma 2.3.3. Let A/k be a local noetherian algebra over a ﬁeld k of characteristic 0,
and assume that A/k is free over A. Then A is a simple TA/k-module.
Proof. Let  = (xi)i∈I ⊂ A be a differential basis of A, i.e. the set (dxi)i∈I forms a
basis of the free module A/k . Put  =  ∩mA. As kA/k is formally smooth, the second
fundamental exact sequence for the composition k → A → kA, is exact also to the left,
i.e. we have a short exact sequence 0 → mA/m2A
−→ kA⊗AA/k → kA/k → 0. This
implies that \ forms a differential basis ofkA/k and = (yj )j∈I ′ , I ′ ⊂ I , generatesmA
by Nakayama’s lemma since  is injective. Let s : (⊕A)⊕ (⊕\A) → A/k be natural
isomorphism and pj : (⊕A) ⊕ (⊕\A) → A be the projection on the jth factor. Then
i=pi ◦s−1 is a derivation such that j (yj )=ij , i, j ∈ I ′. Therefore, using the assumption
Char k = 0, given an element x ∈ mr\mr+1, r2 there exists a derivation  ∈ TA/k such
that (x) ∈ mr−1\mr . If now J is a proper TA/k-submodule of A, then J ⊂ mA and J = 0,
and there exists a lowest integer r1 such that J ∩ (mr\mr+1) = ∅. Selecting an element
x ∈ J ∩ (mr\mr+1) we can then ﬁnd a derivation  such that (x) ∈ J ∩ (mr−1\mr ),
which contradicts the minimality of r. 
Proof of Theorem 2.3.2. Wemay assume that TX/S acts onM, so we let gX/S =TX/S . Let
s be a point in S with residue ﬁeld ks ,Xs/ks be the corresponding base change ofX/S, and
MXs the pull-back ofM toXs . ThenMXs is a TXs/ks -module. SinceXs/ks ,x is free for each
x ∈ Xs Lemma 2.3.3 implies that OXs,x is a simple TXs/ks ,x-module; hence by Proposition
2.3.1 the ﬁrst non-vanishing Fitting ideal ofMXs,x equalsOXs,x , implying thatMXs,x is free.
Next, selecting lifts of a basis forMXs,x gives a surjective map f : Onx → Mx , inducing an
isomorphism ks⊗OxOnxks⊗OxM; sinceMx is ﬂat over Os it follows [16, Theorem 22.5]
that f is an isomorphism. 
Theorem 2.3.2 is well-known when S is the spectrum of a ﬁeld k and X/k is regular
(or an analytic manifold over R or C), but note that one needs only that TX/S acts on M.
The argument using a Fitting ideal is not the ‘usual one’; see [4, Section VI, 1.7] for an
inductive argument. In positive characteristic one gets the same result when the ﬁbresXs/ks
are differentially smooth [10], replacing gX/S by the ring of differential operatorsDX/S , at
least if M is a module overDX/S .
2.4. Preservation of associated primes and primary components
Proposition 2.4.1. Let gX/S be a Lie algebroid and N be a coherent OX-module, equipped
with a gX/S-action.
(1) Each ideal in the inclusions Ann(N)n ⊂ F0(N) ⊂ Ann(N) is an (gX/S)-submodule
of OX;
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(2) If CharX = 0, then the associated primes AssN are (gX/S)-submodules of OX;
(3) Assume that N is an OX-submodule of a coherent module M. Let
N =N1 ∩N2 ∩ · · · ∩Nr
be an irredundant primary decomposition of N in M andAss(M/N)={P1, P2, . . . , Pr}
be the corresponding associated primes of M/N . If Pi is a minimal associated prime,
then the action of gX/S has a unique extension to Ni , i.e. gX/S ·Ni ⊂ Ni .
Assume that CharX = 0 and that M is provided with a gX/S-action. If N˜i ⊂ Ni ,
i = 1, . . . , r , are maximal OX-submodules that have gX/S-actions, then these also give
a primary decomposition
N = Nˆ1 ∩ Nˆ2 ∩ · · · ∩ Nˆr .
(If Ni is the primary component of a minimal associated prime, then N˜i =Ni).
If N is a gX/S-module, then the modules N˜j also are gX/S-modules;
(4) If CharX = 0, then gX/S(I ) ⊂ gX/S(
√
I ).
In characteristic 0, Seidenberg [19] proved (2–3) whenM = OX, and Scheja and Storch
[18] proved (2–4) when gX/S acts on M. We include the latter authors proofs, with the
exception for the case of primary components in (3) with minimal associated primes, and
instead provide an argument that applies in any characteristic.
Proof. (1) Let r ∈ AnnN , n ∈ N ,  ∈ gX/S . Then 0=(rn)=()(r)n+r(n)=()(r)n.
Hence ()(r) ∈ AnnN , proving that (gX/S) preserves AnnN ; here the action on AnnN
is induced by the action of (gX/S) onOX, so AnnN is an (gX/S)-module. It follows easily
that (gX/S) then also preserves any power of AnnN . That the middle term is preserved
follows from Proposition 2.3.1.
(2) Let n ∈ N , hence suppn is irreducible. Letting x be the generic point of suppn,
so nx = 0, we have to see that TX,xmx ⊂ mx . If not, there exists a derivation  ∈ TX,x
and b ∈ mx such that (b) is a unit of OX,x . Put nix = i (nx). Then bi+1nix = 0, hence
(i+1)(b)binix+bi+1ni+1x =0 and therefore binix ∈ OX,xbi+1ni+1x ; hencenx ∈
⋂
biNx=0,
contradiction.
(3) Assume that P1 ∈ Ass(M/N) is minimal and P1 = Ass(M/N1). Given n ∈ N1 and
 ∈ gX/S we have to deﬁne  · n. Since the minimal elements in AssM/N and suppM/N
coincide we have P2 ∩ · · · ∩ PrP1, so choose  ∈ (P2 ∩ · · · ∩ Pr)\P1. Then there exists
s so that sn ∈ N ; hence s( · n) = (sn) − ()(s)n ∈ N1. Since  /∈P1 and N1
is P1-primary, this uniquely deﬁnes  · n as an element in N1. This shows that the action
of gX/S on N has a unique extension to each primary component Ni when Pi is minimal.
Assume now that Pj is not minimal, but instead that CharX = 0 and that M has an action
of gX/S . SinceN ⊂ N˜j it sufﬁces to prove that N˜j is Pj -primary. SupposeQ ∈ AssM/N˜j
and Q = Pj . Since P sj M ⊂ Nj for some s, M is provided with a gX/S-action and by (2)
(gX/S) · Pj ⊂ Pj it follows that P sj M ⊂ N˜j ; hence Pj ⊂ Q. From (gX/S) · Q ⊂ Q,
by (2), follows that N˜ ′j={m ∈ M | Qm ⊆ N˜j } is satisﬁes gX/S ·N˜ ′j ⊂ N˜ ′j and N˜ ′j is strictly
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bigger than N˜j ; since the image of N˜ ′j inM/Nj is annihilated by Pj ⊂ Q, AssM/Nj =Pj ,
one gets N˜ ′j ⊆ Nj . This contradicts the maximality of N˜j .
(4) Let a ∈ OX/I be nilpotent and  ∈ TX/S(I ). Thus ai=0 for some i, hence i(a)ai−1=
0. If, on the contrary, (a) is not nilpotent it follows that one can after localisation assume
it is a unit, hence ai−1 = 0. An iteration gives a = 0. Therefore (a) is nilpotent. 
3. Preservation of defect sub-schemes
3.1. Flat families of differentially simple schemes
If  : X → S is a morphism of schemes and s is a point on S we let Xs be the ﬁbre over
s. Say that the property P behaves very well under ﬂat morphisms  if the following are
equivalent:
(1) P(X)=X;
(2) P(S)= S and P(Xs)=Xs , for each s ∈ S.
Say also that P behaves well under a ﬂat morphism if (2) ⇒ (1). Thus if P(x) denotes
either the property that Ox be Cohen–Macaulay or Gorenstein then P behaves very well
under a ﬂat morphism, while if it denotes that Ox be either regular, normal, satisﬁes (Sn),
or satisﬁes (Rn), then P behaves well under ﬂat morphisms, see [16, Section 23, 9], for
slightly more precise assertions.
Say that a schemeX/k over a ﬁeld of characteristic 0 is differentially simple if each stalk
Ox is a simple TX/k,x-module; see Lemma 2.3.3. Consider a category CP of morphisms
X → S such that SP(Xs), s ∈ S, is preserved by TXs/k . If X is excellent and deﬁned over
the rational numbers, then X → S belongs to CP for the properties P = Pi , i = 1, . . . , 11.
Proposition 3.1.1. Let  : X → S be a ﬂat morphism of schemes of characteristic 0
that belongs to CP. Assume that each ﬁbre Xs/k is differentially simple and consider the
following conditions:
(1) P(X)=X;
(2) P(S)= S.
If P behaves very well under ﬂat morphisms, then (1) ⇔ (2). If P behaves well under ﬂat
morphisms then (2)⇒ (1).
By [8, Theorem 19.7.1] a morphism  : X → S is formally smooth if and only if  is ﬂat
and the ﬁbresXs/ks over points s ∈ S are formally smooth.HenceX/S is locally projective
overOX andXs/ks is free overOXs/ks ,x [10, Proposition 17.2.3]; hence if Char S=0, then
OXs,x is a simple TXs/ks ,x-module (Lemma 2.3.3).
Proof. SinceOXs,x is a simple TXs/ks ,x-module for each x ∈ Xs , no point inXs is preserved
by TXs/ks . Since SP(Xs) is preserved by TX/S we must have SP(Xs) = ∅. From this the
assertions are immediate. 
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A sufﬁcient condition for SPi (X), i = 1, . . . 11, to be closed and thus deﬁned by the
support of some coherent OX-module, is that X be an excellent scheme, but the proofs
are somewhat unsatisfying since they employ Nagata’s openness criterion (see [7,9,14,16])
without constructing a coherent module whose support is SP(X). With more control over
X/S it is more or less well-known how one can ﬁnd such modules. We will describe these
constructions and prove that they moreover are TX/S-modules, and in some cases more
generally gX/S-modules.
3.2. Non-normal points
Let  : X¯ → X be the normalisation morphism of a reduced noetherian scheme
X/S, so X¯/S is a disjoint union of irreducible noetherian schemes. Its conductor I c is
Ann(∗(OX¯)/OX). We say that X has an everywhere non-trivial conductor if supp I c =X,
i.e. the normalisation of each local ringOx has a non-trivial conductor (e.g.  is ﬁnite, which
it is if X is locally of ﬁnite type and more generally if each local ring Ox has a reduced
completion).
Deﬁne
NN(X)= {x ∈ X |Ox is not normal} =X\P1(X),
NNS(X)= {x ∈ X |Ox⊗Os ks is not normal}.
For the next result themain part, that derivations act on the conductor, is due to Seidenberg
[20]. His proof is based on the use of Hasse–Schmidt differentiations. Avoiding differenti-
ations and the need for rational numbers one can prove TX/S = TX/S(I c) if  : X¯ → X is
tamely ramiﬁed (in preparation).
Theorem 3.2.1. Assume that OS contains the rational numbers.
(1) Assume that X has a nowhere trivial conductor. Then TX/S = TX/S(I c) = TX/S(IXN ),
and NN(X) is preserved by TX/S ;
(2) Assume that for each point s ∈ S the ﬁbre Xs has a nowhere trivial conductor. Then
TX/S preserves NNS(X).
Proof. (1) If we prove TX/S ⊂ TX/S(I c), by Proposition 2.4.1, (4) we also get TX/S =
TX/S(INN(X)), since NN(X)= V (I c) and CharX = 0. Since X moreover is deﬁned over a
ﬁeld of characteristic 0 we have, according to Seidenberg’s theorem [20], TX/S ⊆ ∗(TX¯);
hence if  ∈ TX/S ,  ∈ I c, and b ∈ ∗(OX′), then
()b = (b)− (b) ∈ OX.
Hence () ∈ I c.
(2) The conductor Cx = (OXs,x : O¯Xs,x) = 0 is an ideal of both OXs,x and O¯Xs,x ,
and moreover a TXs/ks -module, as noticed by Seidenberg [20], since TOX,x ⊂ TO¯X,x . Us-
ing the natural map TX/S,x → TXs/ks ,x we get, for x ∈ TX/S,x ,  ∈ Cx ,  ∈ O¯X,x ,
that x() = x() − x() ∈ OX,x , so x · C ⊂ C. Since minimal primes x
of NNS(X) correspond to associated primes of Cx , this implies the assertion, by Propo-
sition 2.4.1, (2). 
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3.3. Regularity defect
Deﬁne thedefect functionby(x)=dimmx/m2x−dimOx and thedefect loci Singn(X)=
{x ∈ X | (x)n} =X\P2(X), n= 1, 2, . . . . We can express these loci by a condition on
ﬁbres of the Kähler differentials X/k , if certain conditions on X are satisﬁed. The crucial
point is to make certain that the dimension function x → tr. deg kx/k+ dimOx be locally
constant.
Theorem 3.3.1. Assume that X is equidimensional and locally of ﬁnite type over a ﬁeld
k, such that kx/k is a separable ﬁeld extension at each point x. Let Regn(X) be the
sub-scheme of X that is deﬁned by the Fitting ideal FdimX+n(X/k) (n = 1, 2, . . .). Then
Regn(X) is preserved by TX/k and the underlying space of Regn(X) is Singn(X). If
CharX = 0, then Singn(X) is preserved by TX/k .
The fact that TX/k preserves FdimX+n(X/k) was ﬁrst noted in [11], without describing
the precise relation to Singn(X) when CharX> 0.
Proof. Let x be a point in x. Then without any assumptions we have
(x) dim kx ⊗ Ox/k − dimkx/k − dimOx
 dim kx ⊗ Ox/k − (tr. deg kx/k + dimOx)
 dim kx ⊗ Ox/k − dimX.
In our situation these inequalities are equalities. The ﬁrst inequality is an equality since
kx/k is separable [16, Theorems 25.2, 26.9]. The second is an equality if and only if kx/k is
separable [6, Cor. 16.17]. The third is an equality because X is equidimensional and locally
of ﬁnite type over k. We thus have
(x)= dim kx ⊗ Ox/k − dim X.
Therefore Proposition 2.3.1 implies
Sing l (X)= V (FdimX+n(X/k)).
From the action ofTX/k onX/k it follows that each Fitting idealJn=Fn(X/k) is preserved
by TX/k , TX/k · Jn ⊂ Jn (Proposition 2.3.1). If CharX = 0, then Singn(X) is preserved
by TX/k (Proposition 2.4.1, (4)). 
Here Jn is the Jacobian ideal of size n= 1, . . . , dimX; the “ordinary” Jacobian ideal is
JdimX.
It is possible to be more explicit if one has an embedding X ↪→ Xr → Spec k with Xr
regular and locally of ﬁnite type over k. The following discussion is close to a slightly more
precise treatment in [11], but it may still be useful to here see a short simple explanation why
TX/k preserves each Regn(X). Let I be the ideal ofX inXr .Assume that I=(f1, . . . , fm),
fi ∈ OXr,x at a point x ∈ X and (x1, . . . , xs) be a regular system of OXr,x . The conormal
sequence of the morphisms X → Xr → Spec k is
I/I 2
1⊗d−→OX⊗OXrXr/k → X/k → 0,
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and the Jacobian mapping J = (fj/xi) at x is the composition
OmX → I/I 2 1⊗d−→OX⊗OXrXr/kOsX, (3.1)
where in the ﬁrst step the generators are sent to fi . Thus the Jacobian mapping gives a
presentation of X/k , and X/k = CokerJ (locally at x). The Fitting ideal Jn = Fn(X/k)
is therefore generated by the minors of size n × n of the Jacobian matrix (fj/xi). The
fact that TX/k preserves the ideal Jn of n × n minors of the matrix (fj/xi) can be seen
by a computation as follows. The ideal Jn is generated by elements of the form det(Di(aj ))
where D1, . . . , Dn ∈ TXr and a1, . . . , an ∈ I . The terms of det(Di(aj )) have the form
±D1(ai1)D2(ai2) · · ·Dn(ain),
where (i1, . . . , in) is a permutation of (1, . . . , n). Applying a section  of TX′(I ) to such a
term one gets 2n terms occurring either by replacing one of the Di by D′i = [,Di] or one
of the ais by a′is := (ais ) ∈ I . This implies that  · det(Di(aj )) is a sum of 2n terms each
belonging to Jn.
Serre’s condition (Rn). Say that a scheme X is regular in codimension n, or satisﬁes
the property (Rn), if Ox is regular when ht xn. Put
XRn = {x ∈ X |Ox is regular when ht xn}.
This is an open set if X is excellent [9, 7.8.3]. The defect set X\XRn is the union of all irre-
ducible components of Sing1(X) of codimension n. Hence, ifX is excellent and deﬁned
over the rational numbers, we get from [11,12,15] and Proposition 2.4.1, (3), thatX\XRn is
preserved by TX/S . Making the assumptions in Theorem 3.3.1, and picking the components
of Reg1(X) of codimension nwe get a TX/k-module whose support isX\XRn , without
using rational numbers. Similarly, let l1 be an integer and let Sing l,n(X) be the union
of all irreducible components of Sing l (X) of codimension n. This is again preserved
by TX/S if X is excellent and deﬁned over the rational numbers, and if the assumptions in
Theorem 3.3.1 hold, then Sing l,n(X) is the support of a TX/k-module.
Remark 3.3.2. Let D(TX/k) be the subring of DX/k that is generated by D1X/k . Assume
that Sing1(X) is preserved by TX/k . Then the following are equivalent:
(1) X/k is regular;
(2) OX is simple as TX/k-module;
(3) OX is simple asDX/k-module andDX/k =D(TX/k).
Assume thatX/k is of ﬁnite type and Char k=0. Nakai’s conjecture is thatDX/k=D(TX/k)
implies (1). Therefore, Theorem 3.3.1 implies that Nakai’s conjecture holds true when OX
is a simpleDX/k-module. One can hence rephrase Nakai’s conjecture: ifDX/k=D(TX/k),
then OX is a simple DX/k-module. Therefore, Nakai’s conjecture is true when OX is a
simpleDX/k-module; see e.g. [3,13] for a class of varieties such that OX isDX/k-simple.
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3.4. Complete intersection defect
Let (x)= 1(Ox)− (emb dim Ox − dimOx), where 1(Ox)= dimk H1(K•) andK• is
the Koszul complex of a minimal basis ofmx , and put CI l (X)={x ∈ X | (x)n}. Then
1(Ox)emb dim Ox − dimOx so that (x) is a non-negative integer. The set CI1(X)
is closed if X is excellent [7]. Assume that X ⊂ Xr where Xr is smooth over S, and let
dXr/X(x) = dim(Xr, x) − dim(X, x) be the relative dimension at a point x ∈ X. Let I be
the ideal of X in Xr . Then
(x)= 
(Ix)− dXr/X(x),
where 
(·) was deﬁned in Section 2.3. If now dXr/X(x) is a constant r, independent of
x ∈ X, e.g. X and Xr are equidimensional, then the defect locus can be expressed as
CIn(X)= {x ∈ X |
(Ix)r + n}. (3.2)
So we can deﬁne the sub-scheme Xc.i.,n of X, with underlying space CIn(X), using the
Fitting ideal Fr+n−1(I ) as deﬁning ideal. We formulate this as follows:
Theorem 3.4.1. Let X/S be a sub-scheme of a smooth scheme Xr/S such that the rela-
tive dimension dXr/X(x) is independent of x ∈ X. Then Xc.i,n is preserved by TX/S . If
CharX = 0, then the defect loci CIn(X), n= 0, 1, . . . are preserved by TX/S .
Proof. Since Xr/S is smooth we have TX/S = TXr/S(I )/IT Xr , hence Proposition 2.3.1
implies that TX/S · Fr+n−1(I ) ⊂ Fr+n−1(I ). If CharX= 0, the last assertion follows from
Proposition 2.4.1, (4). 
3.5. Cohen–Macaulay defect
LetM be a coherent OX-module provided with a gX/S-action for some Lie subalgebroid
gX/S of TX/S . Put (x)= dimMx − depthMx . Let j be an integer, and put
CM j (M)= {x ∈ X | (x)j}.
To be sure that the function x → (x) is upper semi-continuous, i.e. that the above set is
open, we need some conditions on X. For a coherent OXr -moduleM, let x → codimMx =
dimOx − dimMx be its codimension function.
Say that a ring R is equidimensional if dimR = dimR/P = dimRm for each minimal
prime P, and each maximal idealm. An R-module of ﬁnite typeM is equidimensional if the
ring R/AnnM is equidimensional. The following lemma is routine and well-known, but I
still include a proof since I have been unable to ﬁnd a reference.
Lemma 3.5.1. (1) If R is an equidimensional catenary ring, then dimR = dimRP +
dimR/P for each prime ideal P;
(2) Let R be a catenary ring and M an equidimensional R-module of ﬁnite type with
connected support suppM . Then the function
suppM → Z, P → codimMP ,
is constant.
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Proof. (1) is omitted.
(2) Since suppM is connected it sufﬁces to prove codimMP = codimMQ when P ⊂ Q
is an inclusion of primes such that MP = 0 and MQ = 0. We may then assume that
R = RQ, so we have a local catenary domain R and we assert that codimM = codimMP .
Put J = AnnM and A = R/J , so J ⊂ P , and P¯ = P mod J is a prime in A such that
A/P¯ = R/P . We have
dimR − dimM = dimR − dimRP − (dimM − dimMP )+ dimRP − dimMP
Since R is local and catenary, dimR− dimRP= dimR/P= dimA/P¯ . Since dimM=
dimR/J and dimMP = dimAP¯ we then have
dimR − dimRP − (dimM − dimMP )= dimA/P¯ − dimA+ dimAP¯ = 0
by (1), since A is equidimensional. 
Under the assumptions of Lemma 3.5.1 let codimM be the constant value of codimMx ,
x ∈ suppM .
Theorem 3.5.2. Assume thatX/S is a closed sub-scheme of a smooth schemeXr/S. Let M
be a coherent module such that suppM is connected and equidimensional. LetXc.m,>j (M)
be the sub-scheme of X deﬁned by the coherent ideal AnnMncm,>j , where
Mncm,>j :=
⊕
i>j
Exti+codimMOXr (M,OXr ) ∈ coh(OX).
ThenXc.m,>j (M) is preserved by gX/S and the underlying topological space ofXc.m,>j (M)
is X\CM j (M). If CharX = 0, then X\CM j (M) is preserved by gX/S .
Of course, if suppM is not connected one gets a defect sub-scheme in each connected
component of suppM .
Proof. Let IX be the ideal of X in OXr . Since
TX/S = TXr/S(IX)/IXTXr/S ,
Xr/S being smooth,M can be regarded as an OXr -module with a gXr/S(IX)-action, where
gXr/S is the pre-image of gX/S in TXr/S(IX). Note that the depth of Mx is the same
whether regarded as OX,x-module or OXr,x-module. By Auslander–Buschsbaum’s rela-
tion p. d.Mx + depthMx = dimOx (OXr,x-modules), hence (x)= p. d.Mx − codimMx .
Hence
CM j (M)= {x ∈ X | p. d.Mx − codimMxj}
= {x ∈ X | p. d.Mx − codimMj},
where the second line follows from Lemma 3.5.1. Hence X\CM j (M)= suppMncm,>j .
The coherent OXr -module Mncm,>j has a gXr/S(IX)-action (Proposition 2.2.3) and since
IX ·Mncm,>j =0 it is moreover a coherent OX-module with a gX/S-action; henceMncm,>j
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is a gX/S-module, coherent over OX; therefore gX/S acts on Xc.m,j (M). If CharX = 0, by
Proposition 2.4.1, (4), it follows that X\CM j (M) is preserved by gX/S . 
Considering the TX/S-moduleM=OX, where X is equidimensional and of characteristic
0, we get that the sets
X\CM j = {x ∈ X | dimOx − depthOx > j}
are preserved by TX/S . In particular, the locus of non-Cohen–Macaulay pointsX\CM(X)=
X\CM0(X) is a closed subset that is preserved by TX/S .
Serre’s condition (Sn). A coherent OX-moduleM satisﬁes (Sn) at a point x if depthMx
min(n, dimMx). Since either of the cases depthMx > depthMx′ and depthMx < depthMx′
can occur when x′ is a generization of x (see [8, 0.16.4.6]), the set
XSn(M)= {x ∈ X |Mx satisﬁes (Sn)}
is in general not stable under generization (or specialisation), and is hence not open. Say that
(Son) holds at a point x ifMx′ satisﬁes (Sn) for any generization x′ of x [9, Deﬁnition 5.7.2].
The set XSon (M)= {x ∈ X |Mx satisﬁes (Son)} is then open if X is excellent [9, Section 7],
and XSon (M) ⊂ XSn(M). We have thus two different defect sets Xn(M)=X\XSon (M) and
Xon(M)=X\XSn(M). The minimal primes of Xn(M) and Xon(M) coincide, hence Xon(M)
is the closure of Xn(M).
Lemma 3.5.3. Let x be a minimal prime of Xn(M) (or Xon(M)). If dimMxn, then
x is a minimal prime of X\CM0(M). If dimMx >n, then x is a minimal prime of
X\CM<(x)(M), where (x)> 0.
Proof. If dimMxn, then depthMx < dimMx , so x /∈CM0(M). Clearly, x is a min-
imal prime of X\CM0(M). If dimMx >n, then depthMx <n< dimMx , so (x)> 0,
and x ∈ X\CM<(x)(M). To see that x is a minimal prime of X\CM<(x)(M) assum-
ing that y is a generization of x we have to check that y ∈ CM<(x)(M). Since x is
minimal in Xn(M) we either have My = 0, My is Cohen–Macaulay, or depthMyn and
dimMx dimMy >n. If either of the ﬁrst two cases occur, then clearly y ∈ CM<(x)(M),
and if the last case occurs, then (y)= dimMy − depthMy < dimMx − depthMx = (x);
hence y ∈ CM<(x)(M). 
If X is excellent and deﬁned over the rational numbers, it follows from Lemma 3.5.3 that
the sets Xn(M) and Xon(M) are preserved by gX/S , using [12,15]. Note that an irreducible
component of X\CM<j (M) belongs to Xn(M) if and only if (Sn) is not satisﬁed at its
generic point.Making the same assumptions as in Theorem 3.5.2, one also gets, by selecting
corresponding irreducible components of Xc.m.,>j , a gX/S-module whose support is an
irreducible component of Xon(M), and if CharX = 0, then Xon(M) is also preserved by
gX/S .
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3.6. Not Gorenstein
Put
NG(X)= {x ∈ X |Ox is not Gorenstein},
NGS(X)= {x ∈ X |Ox⊗Os ks is not Gorenstein}.
In [7] it is proven that NG(X) is closed when X is excellent, without constructing a coherent
OX-module whose support is NG(X).
The formal ﬁbre rings of the ring Ox is Oˆx ⊗ kp where kp the residue ﬁeld at a prime
of Ox .
Theorem 3.6.1. (1) Assume that OS contains the rational numbers. If the formal ﬁbres of
each point x in X is Gorenstein, then NGS(X) is preserved by TX/S .
(2) Assume that X/S is a sub-scheme of a smooth scheme Xr/S, let X be a dualising
sheaf and put Xngor =X1(X) (see Section 2.3). Then Xngor is provided with an action of
TX/S and the space of Xngor is NG(X). If CharX = 0, then NG(X) is preserved by TX/S .
Proof. (1) By Bass’ characterisation OXs,x is not Gorenstein if either it is not Cohen–
Macaulay or that its type is> 1; see [5, Theorem 3.2.10]. From [12] both the locus of points
x such that OXs,x is not Cohen–Macaulay and the locus of points of type > 1 are preserved
by TX/S .
(2) Since Gorenstein schemes are Cohen–Macaulay we have
NG(X)= (X\CM(X)) ∪ (NG(X) ∩ CM(X)),
and by Proposition 3.5.2 we have a natural scheme with underlying space X\CM(X) that
is preserved by TX/S (this is where we use that X ⊂ Xr ). By Proposition 2.4.1, (3), it
therefore sufﬁces to consider the case when X is Cohen–Macaulay. The local ring OX,x at
a point x is Gorenstein if and only if x is free of rank 1; see [5, Theorem 3.3.7]. Therefore
the space of X1(X) is X\Gor(X). Now Ext1OX(X,X) = 0 (see [loc. cit. Proposition
3.3.3]) so TX/S = TX/S(X) (Theorem 2.2.8). Selecting an action of TX/S on X, deﬁned
over open afﬁne subsets, by Proposition 2.3.1 we get TX/S = TX/S(F1(X)), globally in X.
If CharX = 0, the remaining assertion follows from Proposition 2.4.1, (4). 
We do not use a global canonical action of TX/S on X. Assuming that X is Cohen–
Macaulay, we have
XExttOXr (OX,OXr ), t = dimXr − dimX,
so a choice of isomorphism here gives an action on X if one is given an action on the
right hand side. Since moreover TXr/S(IX)/IXTXr/S = TX, one can regard OX and OXr as
TXr/S(IX)-modules, inducing an action of TX/S on X by Proposition 2.2.3.
Not (Tn) or not (Gn) or not n-Gorenstein. Say that a scheme X is Gorenstein in codi-
mension n, or satisﬁes the property (Tn), if Ox is Gorenstein when ht xn. Say that it
satisﬁes (Gn) if it satisﬁes (Sn) and (Tn), and that it is n-Gorenstein if it satisﬁes (Sn) and
(Tn−1). We have corresponding good sets XTn,XGn and Xn−Gor, which are open if X is
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excellent [7]. The setX\XTn is the union of the irreducible components of NG(X) of codi-
mension n, hence making the assumptions in (1) in Theorem 3.6.1 we see that X\XTn
is preserved by TX/S , and if instead (2) is assumed we get a TX/S-module whose support
is X\XTn . We have X\XGn = (X\XSn) ∪ (X\XTn), and this is preserved by TX/S when
X is excellent and deﬁned over the rational numbers, since then TX/S preserves both terms
in the union. If X is not deﬁned over the rational numbers, we get a TX/S-module whose
support is X\XGn , combining the assumptions in Theorem 3.6.1, (2), and Theorem 3.5.2.
We leave out the analogous statement, which now should be clear, for the sets Xn−Gor.
3.7. Type
For a coherent OX-module M one deﬁnes its type at a point x as r(Mx) = dimkx ExttxOx
(kx,Mx), where tx = depthMx . Put
Type l (M)= {x ∈ X | r(Mx) l}.
In [14] it is proven that Type l (OX) is closed when X is excellent, without constructing a
coherent OX-module whose support is X\Type l (OX).
Theorem 3.7.1. Let X/S be a d-dimensional Cohen–Macaulay scheme equipped with a
dualising module X (i.e. X is a sub-scheme of a Gorenstein scheme) and M be a coherent
Cohen–MacaulayOX-module with connected support; let codimM be its codimension. Let
Xtype l (M) be the scheme deﬁned by the Fitting ideal
Fl−1(ExtcodimMOX (M,X)).
If M is provided with a gX/S-action thenXtype l (M) has a gX/S-action, and Type l (M) is
the underlying space ofXtype l (M). If CharX= 0 it follows that Type l (M) is preserved
by gX/S .
Proof. For a module N over a commutative ring deﬁne 
(N) as in Section 2.3. From
[5, Proposition 3.3.11] one has for a point x in X
r(Mx)= 
(ExtcodimMxOx (Mx,x)).
By Lemma 3.5.1, the function x → codimMx is a constant codimM for x ∈ suppM , since
suppM is connected. Therefore
Type l (M)= {x ∈ X |
(ExtcodimMOX (Mx,x)) l}
= Sl−1(ExtcodimMOX (M,X)),
where for the second equality we refer to Proposition 2.3.1. So Type l (M) is the locus of
the coherent Fitting ideal Fl−1 := Fl−1(ExtcodimMOX (M,X)). Since M and X (see the
proof of Proposition 3.6.1) are provided with gX/S-actions, it follows that gX/S acts on Fl−1
(Propositions 2.2.3 and 2.3.1), so gX/S acts on Xtype l (M). If CharX = 0, by Proposition
2.4.1, (4), we get that Type l (M) is preserved by gX/S . 
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